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Topic: Chap 3 & 4 (Matrices & Determinants)

Basic Concepts

Matrices: Amatrixis rectangular arrangement of elements(or functions) in order.

2 3 x

ForexampIeA=[3 0 1

Elemem‘s Gﬂd Order Of Matrix: inabove matrix there are 2 rows and 3 columns. 1%

row is named as R, consists of 3 elements2 3 x and 2" row is named as R, consists of 3 elements

3 0 1.1% columnis named as C; consists of 2 elements 2 2" column is named as C, consists of 2

3}

3 . .
elements - and 3™ column is named as C; consists of 2 elements

X
0 1

A matrix with m rows and n columns is of order m X n such matrix is denoted by A,,,,-
For example in above matrix order of matrix 4,5 is 2X3.

General notation of element: a;; denotes element at i*" row and j*"* place. For ex. az3 = 1.

i+2 )2
Example 1. For a 2 X 2 matrix A=[a;], whose elements are given by a; = (”jl)

(DelhiC 2012)

, write the value of a,;.

P 2 2
% to find a,; replace i and j by 2 and 1 respectively so a21=(2+24X1) = % = 4.

Solution. Given a;=

Example 2. Construct a matrix of order 2X2 whose elements are given by

A"_{ i/ ifizj
"li+j ifi<j

. a a
Solution. A,, = (ai a;;) asay;=1'=1a;,=1+2=3ay, =2' =2,a,, = 2% = 4;

1 3
122 = (3 )
22 24
Matrix Multiplication: Let A,,, and B, are 2 matrices then AXB can exists if number of columns
in first matrix will be equal to number of rows in 2™ matrix like n = p in this case.

Order of product AB will be mXq.

Let us do one example to explain matrix multiplication

(4 6)X (é _32) “(4X1+6X0 4X3+6X(=2))=(4 0)
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In above example 1° matrix is of order 1X2 and 2" matrix is of order 2X2 so product will exist as number
of columns in 1% matrix is equal to number of rows in 2™ matrix and product will be of order 1X2.

Each element of 1° row of Product has been evaluated by adding product of respective element of 1*
row of 1% matrix and 1% column of 2" matrix, and then 2™ column of 2™ matrix etc.

Operaﬁon on matrices: We have few examples to explain terms like comparison,
addition, subtraction.

1 3 y 0y_(5 6 . :
Example 3. If 2(0 x) + (1 2) = (1 8),then write the value of (x + y).(DelhiC 2013)

Solution. Given 2((1) i) + (311 (2)) = (i g) = (3 26x) n (}1’ (2)) _ (i g)

=77 252G 3)
After comparison of respective elements2+y=5=>y=3;2x+2=8=x =3
~x+y=3+3=6.
Example 4. Solve the following matrix equation for x:
w1, oo
Solution. Given [x 1][_x2 g]= 0=[x2=2 0]=0=2x2-2=0=2x=+V2

Some important points:-

7 0 0
1. Diagonal matrix a;; = 0,if i # j like (0 —4 0)
0 0 9

P 7 00
, 0,if i # ,

2. Scalar ma‘rrlxaij={k Z:i_j hke(O 7 0>

S 00 7

e 1 0 0
. : 0, ]
3. Identity matrix a;; = {1 i;i _j- like I3 = (0 1 0>' '2=(é (1))
’ - 0 0 1

4. Transpose of matrix: If A,,, = a;; is a matrix then transpose of matrix is denoted by

: 1 2 3 14
ATor A= aj;. For ex. If A= ( ) thenA'=(2 0
4 0 5 3
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5. Symmetric matrix : Ais said to be Symmetric if A'=A like (g z) is a symmetric

matrix.

6. Skew Symmetric matrix: A is said to be Skew Symmetric if A'= -

0 3 5
For example A = (—3 0 7) is a Skew Symmetric matrix.
-5 -7 0
0 -3 -5 0 3 5
Explanation: A= (3 0 —7> = - (—3 0 7> >AT=-A
5 7 0 -5 -7 0

7. Theorem: Every square matrix can be expressed as sum of Symmetric and Skew
Symmetric matrices A = %[(A + A7) + (A — AT)]

Symmetric  Skew Sym
8. Properties of transpose of matrices:-
(i) (AB)'=B'AT

(i) (A)'=A
(iii) (A+B) A +B"
(iv)  (kA)'=
k+3 4 5
Example 5. For what value of k, the matrix ( -4 0 —6 ) is skew- symmetric?
-5 6 —-k-3

Solution. For skew matrix each element of main diagonal mustbe 0,sok+3 =0=k = —

cosa -—sina

Example 6. If A = (sina et

) , then for what value of a A+A’ is an identity matrix? (NCERT)

cosa —sina)+(cosa sina)_(l O)
sina cosa —sina cosa 01

R (ZCgS“ 2c¢())sa) - ((1) (1))

. T
i.e.2cosa = 1:a=§

Solution. Given A+A =1 = (

Example 7. To raise money for an orphanage, students of three schools A, B and C organized an
exhibition in their locality, where they sold paper bags, scrap-books and pastel sheets made by
them using recycled paper, at the rate of Rs. 10, Rs. 12 and Rs. 15 per unit respectively. School
A sold 20 paper bags, 18 scrap-books and 30 pastel sheets. School B sold 25 paper bags 15,
scrap-books and 25 pastel sheets while School C sold 6 paper bags, 15 scrap-books and 35
pastel sheets. Using matrices, find the total amount raised by each school.

By such exhibition, which values are inculcated in the students?
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20 18 30 10
Solution. Sale matrix of school A, Band Cis givenby [ 25 15 25| and price matrix by | 12
6 15 35 15

Total amount raised by each school is given by

20 18 30 10 866
(25 15 25>X (12) = (805)
6 15 35 15 765

School A= Rs. 866, School B= Rs. 805, School C=Rs. 765

Values: Helping the orphans, use of recycled paper.

Example 8. Express the following matrix as the sum of a symmetric matrix and skew symmetric matrix

and verify your result:

3 -2 —4
(3 -2 —5>(AI2010)

-1 1 2
3 -2 -4 3 3 -1
Solution. Let A=( 3 =2 —5) => A = (—2 -2 1 )
-1 1 2 -4 -5 2
L L 3 -2 -4 3 3 -1 3 1/2 -5/2
LetP=E(A+A’)=E(3 -2 —5>+ -2 =2 1) =(1/2 -2 —2)
-1 1 2 -4 -5 2 -5/2 -2 2

3 1/2 -5/2
:p'=(1/2 -2 —2) =P =
—5/2 =2 2

~ P is a symmetric matrix.

\ (/3 -2 —4 3 3 -1 0 -5/2 =3/2
AndIetQ=E(A—A’)=E{<3 -2 —5)—(—2 -2 1)}:(5/2 0 —3)

-1 1 2 -4 -5 2 3/2 3 0
0 —5/2 -3/2 0 5/2 3/2
:>Q'=<5/2 0 —3) :>Q'=—<—5/2 0 3>=—Q
3/2 3 0 —-3/2 -3 0

~ @ is a skew symmetric matrix.

3 1/2 -5/2 0 -5/2 -3/2 3 —2 —4
Now P + Q :< 1/2 =2 -2 >+(5/2 0 -3 ) =< 3 =2 —5) is given matrix.
—-5/2 -2 2 3/2 3 0 -1 1 2
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% Elementary transformations of a Matrix: There are 3 basic transformations due to rows
and 3 basic transformations due to columns.

Elementary row transformations:-

(i) Interchange of any two rows:

0 1 0
Like if you want to interchange first two rows of (1 0 0) to have identity matrix, you will
0 0 1

1 0 0
perform R; < R, to have (0 1 0)
0 0 1

(ii) Multiplication of the elements of any row by any non zero number:
2 00 L
Like if you want to transfer | 0 1 0 | to have identity matrix, you will perform R, — ERl to have

0 0 1
1 0 0
(010)
0 0 1

(iii) Corresponding addition(or subtraction) of elements of 2 rows:
1 0 O
Like if you want to transfer{ 3 1 0 | to have identity matrix, you will perform R, = R, — 3R,

0 0 1
1 0 O
to have (0 1 0)
0 0 1

®» How to find inverse of given matrix using elementary row transformations: Let A
be the given matrix then write A=IA and apply elementary row operations on left matrix A and | to
convert left matrix A as identity matrix and right matrix A will remain unchanged.

Then we have |=BA

So A™! = B.
. . . . 12 -3
Example 9. Use elementary row operation R, = R, — 3R, in the matrix equation (26 _5) =
1 2302 1
5 DG =)

Solution. Operation will be performed in left matrix and first matrix in right side 2" matrix in right side
will remain unchanged.

Now elementary row operation R, = R, — 3R, will result as

(o =6 26 )
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Example 10. Using elementary row operations, find the inverse of the matrix (2 g)(DeIhi 2010)

Solution. Let A= (i g)

Now A= 1A
2 5_(1 0
(1 3) B (o 1)A
Now perform row operation to make a;; = 1, you can perform Ry — % RiorR{ > R, — R,

We will perform R; = R; — 2R, to avoid fraction
1 2y_/1 -1
(1 3)=06 1)
Now perform row operation to make a,; = 0, with the help of a{; you can perform R, - R, — R;
1 2y_(1 -1
(o 1) B (—1 2 )A

Now perform row operation to make a,, = 1 in this case we have already a,, = 1 so we will do next
step.

Now perform row operation to make a5, =0, with-the help of a,, you can perform Ry = R; — 2R,
1 0_r3 =5
(0 1) B (—1 2 )A
.a-1_ (3 =5
2 AT = (_1 , )

Example 11. Using elementary row operations, find the inverse of the matrix (g 153)

Solution. Let A= (2 153)

Now A= |A
3.5y_/1 0
(8 13) B (0 1)‘4
Now perform row operation to make a;; = 1, you can perform Ry — % R4
5 1
b 26 )
8 13 0 1

Now perform row operation to make a,; = 0, with the help of a,; you can perform R, - R, — 8R;
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Now perform row operation to make a,, = 1, you can perform R, - —3 R,
5 1
01 8 -3
Now perform row operation to make a;, = 0, with the help of a,; you can perform Ry = R; — SRZ
1 0y_(-13 5
(0 =06 )4

sat= (7% 5)

% Elementary column transformations:-
(i) Interchange of any two columns:

1 0 0
Like if you want to interchange first two columns of (O 0 1) to have identity matrix, you will
0 1 0

1 0 0
perform C, & C3tohave| 0 1 0
0 0 1

(ii) Multiplication of the elements of any column by any non zero number:

2 .0 0
Like if you want to transfer (0 1 0) to have identity matrix, you will perform C; = %Cl to have

0 0 1
1 0 0
(010)
0 0 1

(iii) Corresponding addition of elements of 2 columns:
1 0 O
Like if you want to transfer | 0 1 0 | to have identity matrix, you will perform C, = C; — 4R3

0 4 1

1 0 O

tohave({0 1 0
0 0 1

®» How to find inverse of given matrix using elementary column transformations: Let

A be the given matrix then write A = Al and apply elementary column operations on left matrix A and | to

convert left matrix A as identity matrix and right matrix A will remain unchanged.

Then we have |=AB
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SoA™l =B.

42)

Example 12. Use elementary column operation C, — C, — 2C; in the matrix equation (3 3

1 2\/2 0
(o 3G 1)
Solution. Operation will be performed in left matrix and 2" matrix in right side 1°* matrix in right side
will remain unchanged.

Now elementary row operation C, — C, — 2C; will result as
4 —6\_ (1 2\/2 -4
(5 =0 3G 3
. . ) . . (35
Example 13. Using elementary column operations, find the inverse of the matrix (4 7)

Solution. Let A= (i’ g)

Now A= Al

(2 =46 )

. 1
Now perform column operation to make a4 = 1, you can perform C; — 3 Cy

(£ 7)=G )

Now perform column operation to make a;, = 0, with the help of a;; you can perform C; - C, — 5C;
1 0 1€.,2
£ 96
3 3 0. 1
Now perform column operation to make a,, = 1, you can perform C, — 3C,
1 0 o
(4 3)=G 3
3 0 3
Now perform column operation to make a,; = 0, with the help of a,, you can perform C; — C; —ng
1 0\ _ 7 =5
o V=4 3)
ca-1_(7 =5
LAY = (_4 ; )

Example 14. Find the inverse of the following matrix using elementary operations:

|

-8-
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1 2 =2
A={ -1 3 0 |AI2010)
0o -2 1

Solution. In this problem you can use either of two elementary operations as instruction has not been
given. We will apply elementary row operation.

1 2 =2
LetA=| -1 3 0
0o -2 1

Now A= A

1 2 =2 1 0 O
-1 3 0 ]=|10 1 0]A
0 -2 1 0 0 1
Here always try to get 2 zeroes in any one column and then use the rows with these two zeroes to

reduce the given matrix as identity matrix.

To make 2 zeroes in C;. Now perform row operation to make a,; = 0, with the help of a4 you can
perform R, » R, + R4

1 2 =2 1 0 0
(0 5 —2) = (1 1 0>A
0 -2 1 0 0 1

Now perform row operation to make a,3 = 0, with the help of a3 you can perform R, = R, + 2R3

1 2 =2 1 0.0
(0 1 0>=(1 1 2])A
0 -2 1 0«0 1

Now perform row operation to make az, = 0, with the help of a,, you can perform R; — R; + 2R,

1 2 -2 10 0
01 0]=[1 1 2)A
0 0 1 2 25

Now perform row operation to make a,, = 0, with the help of a,; you can perform Ry = R; — 2R,

1. 0 -2 -1 -2 -4
(0 1 0>=(1 1 2>A
0 0 1 2 2 5

Now perform row operation to make a3 = 0, with the help of a3, you can perform Ry —» R, + 2R;

1 0 0 3 2 6
(0 1 0) = (1 1 2>A
0 0 1 2 2 5
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3 2 6
~ATT=1(1 1 2
2 2 5

® Note: (a) In elementary transformations you have to use either row transformations or column
transformation in finding inverse of any given matrix.

(b) You can not use both transformations to find inverse of given matrix.

Example 15. For the following matrices A and B, verify that (AB)'=B’A’

2
A= (5), B=(3 2 -1)
6

2 6 4 =2 6 15 18
SoluTion.AB=(5>X(3 2 —1)=<15 10 —5>=>LHS=(AB)’=(4 10 12)

6 18 12 -6 -2 -5 -6
3 3 6 15 18
ForRHSB'=| 2 | andA’=(2 5 6)=RHS=BA=[2 |X(2 5 6)=4 10 12
-1 -1 -2 -5 —6
~ LHS = RHS.

Example 16. Let A = (2 _1) ,B = (3 i) wCam @ {53) Find a matrix D such that CD-AB=0.
(NCERT)

Solution. As per compatibility of matrix multiplication and addition D will be square matrix of order 2.

ctussmumeo= (% Pyvowsencoaoos (3 9)(° 1)-(2 DG 2)=0

= @Z i gg §Z i ES;Z) - (433 202) = (8 8)

(32an:r 850C—_ 433 3b2-£;15—d 22) - (8 8)

By matrix comparison 2a + 5c =3and3a+ 8c =43=>a=-191,c =77

2b+5d =0and3b+8d =22=b=-110,d = 44

oe(t -(E 1

9. Determinant: Itis a number associated to a square matrix. Like if A= (g g) is a

matrix then determinant of A is denoted by |A| and |A|=4X2-5X3=-7

-10 -
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10.

11.

12.
13.

14.

15.

16.
17.

18.

1 1 -2
Now take a 3X3 matrix B=<2 1 —3) then |B| can be evaluated in either of 6 ways.
5 4 -9
+ - +
Sign convention for determinant evaluationis |[— + —
+ - +
If you wish to evaluate along R, then
|B|=a11|a22 a23|—a12|a21 a23| a13|a21 a22|
azz d4szs azi1 d4zs azi1 daszp
1 -3 2 =3 2 1

-ax], Tof-wxfg Dol caxfg

= 3-(-3)+(-2)X3

=0

1 3 6 7 _g
Minor My, in |7 6 —8] =| |= 7X5 —9X(-8)=107
9 5
9 -7 5
1 3 6
Cofactor Apin|7 6 —8| =(-1)*** 7 _8|=—[7X5 —9X(-8)]= -107
9 -7 5 %

Adjoint of matrix adj A=(C;;)" where Cij denotes the cofactor of qj
Properties of adjoint of square matrices:-

(i) adj(AB)=adjB X adjA

(i)  adjA’=(adjA)’

(iii) A(adjA)=|A|l=(adjA)A

(iv) |adjA|=|A|"" where niis order of square matrix.

Singular or non invertible matrix: A is said to be Singular or non invertible matrix if
|A[=0

Non Singular or invertible matrix: A is said to be Non Singular or invertible matrix if
|Al# 0

Inverse of matrix: If AB=I then A and B are inverse of each other like A*=B;B*=A
adjA

Inverse of matrix Ais given by A*= m

Properties of Inverse of Matrices:-

(i) (AB)-lzB-lA-l
(ii) (AT)-1=(A-1)T
i) (A=A

. - 1

(iv) |AY= i

-11-
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19. Area of a triangle : In co-ordinate geometry we have learnt area Alx1,y1)
of a triangle with vertices (x4, y1), (X2, ¥2) and (x3, y3) is given by

%[M()’z —y3) + x,(y3 — y1) + x3(y1 — ¥2)]. Area of this

triangle can be given using determinant as B(xy,y2) Clxs3,¥3)
xp ¥ 1
1 S .
S|x2 Y2 1| which gives the same expression as above
x3 y3 1

used for the area.
B Note: (i) To check co linearity of three points equate area of triangle to zero.

(ii) To find equation of straight line using determinant passing through given two points take the third
point as (x,y) then apply condition of co linearity of three points.

(iii) Always take the absolute value of determinant as area is positive.

(iv) If area is given then use positive and negative both values of determinant for calculation.

Example 17. Find the value of K so that the matrix [2 +23k g] is.singular.
Solution. For singular or non invertible matrix |2 +23k él =0=>5(2+3k)—-4=0=k= —%

sina cos 3 .
Example 18. If | , B = £, where a, B are acute angles, then write the value of a+p.
cosa sinf 2

. sina cosf| 3 ; . V3 . , V3
j = —= - = — - - =
Solution. |cosa sinf > = sina sinfs — cosacosf > = (cosacosp — sina sinf) >

=>cos(a+ﬂ)=—?:a+ﬁ=n—%=?
Example 19. If Ais a square matrix of order 3 such that | A|=5, find |adj A|. (AIC 2013)
Solution. We know that |adj A|=|A|™* where n is order of square matrix
= |adjA|=5%'=5%= 25,
Example 20. If Ais a square matrix of order 3 such that |adj A|= 256, find |A].
Solution. We know that |adj A|=|A|™* where n is order of square matrix = 256 = |A|37!
= 256 = |[A]> = |A| = +16

Example 21. If A and B are matrices of order 3 and |A|=5, |B|= 3, then find |3AB|.(NCERT Exemplar)

Solution. |3AB| = 3°|AB|=27|A||B|=27 X 5 X 3 = 405.

-12 -
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Example 22. LetA= (_21 3) Then show that A2 — 4A + 71 = 0. Using this result calculate A® also.
(NCERT Exemplar)

. (2 3 2 _ (2 3Nr2 3H_r1 12 _ (8 12
Solution. wehaveA=( % J)=a2=(% )(5 5)=(5 7)4=(, §)

W A2 —4A+ 7] = (_14 112) - (_84 182) + (3 g) = (_14_+84++70 1% _ 51;2++70) - (8 8)

W A2 —4A+ 71 = 0= A% = 4A — 71 = AA? = A(4A — 71) (Pre multiply by A)
= A% = 4A% — 7A = A’A3 = A?{4(4A — 7]) — 7A} = A> = 9A3 — 28A% = 9(4A? — 7A) —28A?

= A5 = 8A% — 63A = 8A% — 63A = 8(4A — 71) —63A = —31A — 56l

Sas=oa1( % 3)ose(t 0)= (T8 -93)

-1 2 0 1 31 —118
1 4 0
Example 23. If A=|0 2 4| then evaluate |A.(adjA)].
6 -3 0
-7 4 0 7 4
Solution.|0 2 1f= —1| 6 _3| =—-(21=24)=3
6 -3 0

We know that |adj A|=|A|"* where n is order of square matrix
and |A.(adjA)|= |Al|adj A|=|A] |A]" "= |A|"= |A|>=3°=27

Example 24. The value of the determinant of a matrix A of order 3X3 is 4. Find the value of |3A]. (AIC
2012)

Solution.We know that |3A]= 3%|A|= 27X4 = 108.

Example 25. If the value'of a third order determinant is 12, then find the value of the determinant
formed by replacing each element by its co-factor. (NCERT Exemplar)

Solution, = adj A=(C;)" where C; denotes the cofactor of a; and (A")'= A
= Required determinant = |(adj A)"|= | adj A | = |A|""=12*"=12°= 144.

Example 26. Find the equation of the line joining A(2,-6) and B(5,4) using determinants and find the
value of kif D(k,4) is a point such that area of triangle ABD is 35 square units.

Solution. Let C(x,y) be a point on AB. Then A, B and C are co linear and hence area of triangle ABC is 0.

-13-



Matrices & Determinants www.mathss¥methods.in

) xy y1 1 ) 2 —6 1
Area of triangle using determinant is given by S|*2 ¥ 1| = > 5 4 1(=0
x3 y3 1 x y 1

:%[x(—6—4) —y(2-5)+1(8+30)] = %[—10x+ 3y +38] =0
-~ Required equation of straight lineis —10x + 3y + 38.

Given area of A ABD = 35 square units

2 -6 1
=>-[5 4 1| =435 = k(-10) —4(-3) +1(38) = +70 = —10k = +70 - 12 — 38
E 4 1
=>k=-212.

Example 27 .Using properties of determinants, prove the following :

a b ¢
a? b?% c?|=(a-b)(b-c)(c-a)(ab + bc + ca) (AIC 2013)
bc ca ab
a b ¢ a2 b 2
Solution. |a? b? (?|= —la® b® %[ (Onapplying C; > aCy,C; - bC; and C3 - cC3)
bc ca ab abc bca abc

On taking abc common from R,

a’? b% 2 a’? b?%. c?
abc
=2l b 3= |a® bd P
abc bca abc 1. 1 1
a2 —b? b2—c? (2 ' @ —b2 b — 2
=1a®-b3 b3—c3 3| (OnapplyingC; »C; — C,&C, — C3) = B —b3 p3— 3
0 0 1
=(a—b)(b—c)| a+b b+c

2 4ab+b® b+ be+ c2| (On taking a-b and b-c common from C; and C,)

o N\ a+b c—a . _
= (a—=b)(b C)|a2+ab+b2 bC+CZ_az_ab|(0napply|ngC1—>C1 Cy)

=(a—b)(b—c)(c—a) |a2 f;})ﬁ_ b2 a4 ll) + c| (On taking c-a common from C5)

= (a—b)(b—c)(c—a)(ab + bc + ca)
Example 28. Prove the following, using properties of determinants:
a b c

a—b b—c c¢—al|=a+b*c>3abc (DelhiC 2012)
b+c c+a a+b

-14 -
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a b c at+b+c b c
Solution.la—b b—-c c—al= 0 b—c c¢—a| (OnapplyingC; - C; + C, + C3)
b+c c+a a+b 2(@a+b+c) c+a a+b
1 b c
=(@+b+c)]0 b—c c¢—al| (Ontakinga+b + ccommon from C;)
2 c+a a+b
1 b c
=(a+b+0)|0 b—c c—a (On applying R3 = R3 — 2R;)
0 c+a—-2b a+b—-2c
_ b—c c—a | _ 240 p2 0 02 _ gh— bhe—
—(a+b+c)|c+a_2b a+b_26|—(a+b+c)(a +b*+c*—ab—bc—ca)

= a’+ b+ c*>-3abc

Example 29. Prove the following, using properties of determinants:

b+c q+r y+z a p x
c+a r+p z+x|=2|b q vy
a+b p+q x+y c r z

b+c gq+r y+z 2(@a+b+c) 2(p+q+7r) 20(x+y+2)
Solution.[c+a r+p z+x|= c+a r+p z+x |(Ry >R, +R, +
a+b p+q x+y a+b p+q x+y
(a+b+c) (p+q+r) (x+y+2) b q y
R;) =2 c+a r+p Z+x =2fc+a r+p z+x|(R;>R;—R,)
a+b p+q x+y a+b p+q x+y
b q y b q vy
=2fc+a r+p z+x| (R3—>R3—R;) =2fc r z|] (R, »R,— R3)
a p x a p x
b q vy a p Xx
==2la p x| RaeoR3) =2/b q ¥y
c r z c r z
Example 30. Prove the following, using properties of determinants :
1+ a%-Db? 2ab —-2b
2ab 1-a% + b? 2a = (1+a’+b?)? (Foreign 2013)
2b —2a 1-a%?-b?
1+ a?-b? 2ab —2b
Solution. 2ab 1-a% + b? 2a
2b —2a 1-a%-b?

(On applyingC; =» C, +aCz)
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1 + a% - b? 0 —2b 1+ a2-b%2 0 —2b
=[ 2ab 1+ a? + b2 2a =(1+a%+b? 2ab 1 2a
2b —a(l1+a%+b?) 1-a?-b? 2b —a 1-a%-b?

(On applyingR3 = R3 +aRy)
1+ a%-b%2 0 —2b
=(1+a%*+b?)| 2ab 1 2a =(1+a?+b?)
2b + 2a%b 0 1 +a%-b?

1 + a2 - b? —2b
2b+2a%b 1 +a%- b?

= (1+a2+b)[(1 + a® - b?)" +2b(2b + 2a%)
= (1+a?+b?)(1+ (@®)? + (b?)? + 2a® + 2b? + 2a?b?) = (1 + a%? + b?)(1 + a% + b?)?
= (1+a?+b?)3

Example 31. Prove the following, using properties of determinants:

a+bx? c+dx? p+qx? b d q
ax?+b cx?+d px?+q|=&*=1]a ¢ p|(Foreign 10)
u v w u v ow

a+bx? c+dx? p+qx?
ax?+b cx?+d px?+gq
u v w

Solution. (On applying R; = R; + R,)

(a+b)1+x?) (c+dDA+x?) (p+q9A+x? (a+b) (c+d) (p+9)
= ax?+b cx®+d px% +q =1 +x*)|ax?+b cx?+d px*+gq
u v w u v w
a C p b d q
=1 +xD)|axt+b cx?+d px®+q|+ A +x)|ax?+b cx?+d px?+ q|(Onsplitting
u v w u v w
R1)
a c p b d q
=(@1+x>)|b d Q‘+(1+x2) ax? cx? px?|(Ry >Ry —x*R;,R; » Ry —Ry)
u v w u v w
b d gq b d q
=—1+4+x)|a ¢ p|+@+x>x%|la ¢ p|(R; o Ry Taking x>common fromR,)
u v ow u v ow
b d b d g
=1+x)la ¢ p|l&*P-D=x*-Dfa ¢ p
u v ow u v ow
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1 1 1
Example 32. Find the maximum value of the determinant [1 1 + sin8 1
1 1 1+ cos@
(NCERT Exemplar)
1 1 1 1 0 0
Solution.|1 1+ sin@ 1 =|1 sinf 0 |(OnC,—>C,—CiandC; - C3—Cy)
1 1 1+ cos® 1 0 cos @

=sinfcosf = % sin26 = % (As maximum value of sin20 = 1)

1 -2 5
Example 33. There are two values of a which makes determinant, A=[2 a —1} =86, then find
0 4 2a

the sum these values. (NCERT Exemplar)

1 =25 a -1 -2 5
Solution. [2 a -1 =86=>| |—2| |=86=>2a2+4—2(—4a—20)=86
0 4 24 4 2a 4 2a

=2a°4+8a+4+24-86=0= a2+4a—31=0:>sumofroots=—§=—4
2

(NCERT Exemplar)

0 cos @ sin@
cos@ «sinf 0
sin @ 0 cos 0

Example 34.If cos 26 = 0, then evaluate

0 cosf sinf
cosf sinf 0
sin @ 0 cosf

Solution. 9 |C059 sinf| _

3 .3
. = —cos°> 0 +sin° 0
sin @ 0

0 | .
+ sin
cos 6

Given cos20 =0=0 =%50A= —cos3 0+ sin®0 =0=A%=0

x 3 7
Example 35.1f x = —9isarootof (2 x 2| =0, then find the other two roots. (NCERT Exemplar)
7 6 x
x 3 7
Solution. Given |2 x 2| =0=x[¥ 2[-3[2 %[+7])% ¥ =0=x*-67x+126=0
7 6 6 x 7 x 7 6

+ x = =9.is a root of the given equation= (x + 9)(x2 —9x +14) = 0
~Other2 roots are 2 and 7.

1 cosC cosB
cosC 1 cosA
cosB cosA 1

Example 36. If A+B+C = 0, then prove that = 0 (NCERT Exemplar)

1 cosC cosB
cosC 1 cosA
cosB cosA 1

Solution. OnR; > R, —cosCR{,R; > R; — cosBR,
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1 cosC cosB
= (0 1 —cos?C cosA — cosBcosC
0 cosA—cosBcosC 1 —cos?B
_ sin? C cos(B+ C) —cosBcosC| | sin? C —sinBsinC| _ 0
"~ |cos(B + C) — cos Bcos C sin? C " |-sinBsinC sin2C |

bc —a? ca—b%? ab-—c?
ca—b? ab—c%* bc—a?

ab—c? bc—a? ca-—b?

Example 37. Prove that is divisible by a+b+c and find the quotient.

(NCERT Exemplar)
be—a? ca—b? ab—c? ab + bc + ca— (a®> + b?> +c?) ‘ca—b* ab—c?
Solution. [ca — b2 ab—c? bc—a?| =|ab+ bc+ca— (a®> +b%?+c?) ab—-c? bc—a?
ab—c?* bc—a* ca—b%l |ab+bc+ca— (a®+b%+c?) bec—a? ca— b?

(OnC1—>C1+C2+C3)

1 ca—b?* ab-c?
1 ab—c?® bc—a?
1 bc—a® ca-b?

=[ab + bc + ca — (a® + b? + ¢?)] (On taking common from C;)

0 ca—ab+c?=b? ab—bc+a?—c?
0 ab—bc+a%*—c% bc—ca+b?—a?
1 bc — a? ca — b?

(OnRy > Ry — Ry, R; » Ry, — R3)

=-[a®? + b? + c?- ab + bc + ca]

ca—ab +c?—b? ab—bc+a®— c?
ab —bc+ a? —c? bc—ca+b?—a?
—(a+b+c)(b—c) —(a+b+c)(c—a)
—(a+b+c)(c—a) —(a+b+c)(la—Dh)

=-[a? 4+ b? + ¢2- (ab + bc + ca)]

=-[a? + b? + ¢2- (ab + bc + ca)] |

=-[a? + b? + c¢?-(ab + bc + ca)l(a + b + ¢)? ?:; ;:Z (On taking (a + b + ¢) common
from C; and C; )

=-[a? 4+ b? + 2 (ab + bc + ca)l(a + b + ¢)%(ab + bc + ca — (a® + b? + ¢?))

= [a? + b? +c?- (ab + bc + ca))’ (a + b + c¢)? which is divisible by (a + b + ¢) and quotient is

(a+b + c)[a® + b? + c?- (ab + bc + ca)]’

a b c
Example 38.Ifatb+cz0and (b ¢ a| = 0, then using properties of determinants,
c a b

prove that a =b =c.(SP14) (NCERT Exemplar)
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a b c a+b+c b c
Solution. |b ¢ al=|la+b+c ¢ a| (OnC; - C +C,+C3)
c a b a+b+c a b
1 b c
=(a+b+c)|1 c¢ al| (Ontaking(a+ b+ c) common from C;)
1 a b
0 b—c c—a
=(a+b+¢c)[0 c—a a—b|(OnR; >R;—RyandR; > R, —R3 )
1 a b
(a+b+c)|b “% =(@+b+c)[ab+be+ca—(a®+b+c?)]

a a-b
=—(a+ b+ c)[a®+ b2+ c?- (ab+bc+ca)]=—5(a+b+c)[(a—b)2 + (b =0%+(c—a)?]

GivenA=0=—2(a+b+c)[(a—b)?+(b-c)?+(c—a)?|=0
= [(@=b)? + (b — c)? + (c — @)?] = 0 (Given a+b+c # 0)
>a—-b=0b—-c=0c—a=0>a=b=c.

Example 39. If a, b and c are positive and unequal, show that value of the determinant

a b c
A=|b ¢ a|isnegative. (NCERT)
c a b
a b c a+b+c b c
Solution. |b ¢ al=la+b+c ¢ a| (OnC; - C+Cy+C3)
c a b a+b+c a b
1 b c
=(a+b+c)|1 c¢ al (Ontaking(a+ b+ c) common from C;)
1 a b
0 b—c c—a
=(a+b+c)[0. c—a a—-b|(OnR; > R; —R,andR; » R, —R3 )
1 a b
(a+b+c)|b “% =(@+b+0)[ab+bc+ca(a®+b+c?)]

a a—->b

=—(a+ b +.c)[a® + b2 + c?- (ab + bc + ca)l= _E(‘”' b+c)[(a—b)?+ (b—c)+ (c—a)?]
Which is negative as (a + b + ¢) > 0 (sum of positive numbers)and (a — b)?> + (b — ¢)? +
(c — @)?> > 0 (a, b and c are unequal).

b+c c+a a+b

Example 40. If a, b and c are real numbers,andA= [c+a a+b b+c|=0,
a+b b+c c+a

Show that eithera+b+c=0o0ra=b=c. (NCERT)
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b+c c+a a+b 2(a+b+c) c+a a+b
Solution. |c+a a+b b+c|=|2(@a+b+c) a+b b+c| (0OnC, - Ci+Cy+C3)
a+b b+c cHa 2@+b+c) b+c cH+a
1 c+a a+b 0 c—b a-—-c
=2(a+b+c)|1 a+b b+c|=2(@a+b+c)|0 a—c b—al(OnR; =>R; —RyandR,; -
1 b+c c+a 1 b+c c+a
R; —R3z)

=2(a+b+c)|(cl:lé Z:Z| = 2(a+ b +c)[ab + bc + ca — (a® + b? + c?)]

=—2(a+b+c)[0a?+b?>+c?— (ab+bc+ca)]=—(a+b+c)[(a—b)?+ (b—c)*+ (c—a)?]
GivenA=0=>—(a+b+0o)|(a-b)?+(b-c)?+(c—a)?|=0

= Eithera+b+c=0 or(a—b)?>+(b-c)?*+(c—a)*=0
>a—-b=0b—-c=0c—a=0=a=b=c

(y +2)? xy zx
Example 41. Show that A=| xy (x +2)? yz | =2xyz(x +y+2z)® (NCERT)
Xz 4 (x + y)?

Solution. On applying R; = xRy, R, = YRy, R3 = zRg

x(y + z)? x%y zx?

A= — xy? y(x + 2)? y?z
xz? yz? z(x +y)?

Taking Common x, y and z from Cy, C, and C3 respectively

(y + 2)? x? x? (y + 2)? x? x?
ol A a2 S Gl o I N G S &
z? 2% (x +y)? z? z? (x +y)?

On applying C; = C, — C1,C5 —» C3 — (4

Y +2)?* 2*=(+2)? x*—(y+2)?
= y* (x+2)?-y? 0
z? 0 (x +y)? — 22

Taking Common (x + y + z) from C, and C;

y+2)? x—-y—2z x—y—z

=@x+y+2)?| y? x+z—y 0
z? 0 x+y—z
On applying R; = R; — (R, + R3) On applying C, — yC,,C3 — zC;
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2yz -2z =2y , 2yz —2yz —2yz
(x+y+2)
=(x+y+2z)? yj x+z—y 0 =xy# yz y(x+z—1y) 0
z 0 x+y—z z 0 z(x+y—2)
OnapplyingC, » C, + C1,C3 > C3+ (4
2yz 0 0 )
_ (x+§:2)2 v xy+yz 2 _ (X+;/:Z)2 X 2yz xy -i;yz y
z? z? zx + yz z Zxtyz

Taking Common y and z from R; and R, respectively

+z y

— 3
2 x+y—2xyz(x+y+z).

=2(x+y+2)%yz x

20. Solution of Simultaneous Linear Equations AX=B
X=A"B
21. Consistency of Simultaneous Linear Equations
Case(i) If |A|# 0 then Consistent with unique solution
Case(ii) If | A|= 0 then check if (a) adjA X B# 0 then InConsistent
(b) adjA X B=0 then the system has infinitely many
solutions or no solution.
®» Remarks: For system of equations with B=0, called homogeneous system of
equations are always consistent with trivial solution x=0,y=0,z=0. If |A|=0 then it
have infinitely many solution, as.in this case adjA X B=0.

Example 42. Two factories decided to award their employees for 3 values (a) adaptable to new
techniques,(b) careful and alert in difficult situations and (c) keeping calm in tense situations, at the rate
of X x, Xy and X z respectively per person. The first factory decided to honour respectively 2,4 and 3
employees with a total prize money of 29000. The second factory decided to honour respectively 5,2
and 3 employees with a total prize money of X 30500. If the 3 prizes per person together cost X 9500,

then

(i) represent the above situation by a matrix equation and form linear equation using matrix
multiplication.
(ii) solve these equations using matrices.

(iii)which values are reflected in this question?(AIC 2013)

Solution. (i) Matrix equation can be given as

2 4 3]x 29000
5 2 3 [y] = |30500| = 2x + 4y + 3z = 29000,5x + 2y + 3z = 30500,x +y + z = 9500
1 1 1tz 9500
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2 4 3 x 29000
(i) letA=|5 2 3| ,X= [y]and B=|30500|so AX=B=>X=A"1B
1 1 1 z 9500
2 4 3
[Al=[5 2 3|=-1%#0,s0A!exists.
1 1 1
- _12 3]_ _ _ |5 31__ _5 2]_
For Adjoint of A, cofactors are A1 = 1 1|— 1,A; = |1 1= 2,A13 = |1 1 =3

A21 = _1,A22 =-1 A23 = 2, A31 = 6,A32 = 9, A33 = _16,

ain LY 203 T -1 -1 6
NowAl=22--"11 1 2| ==|-2 -1 9
|A -1 -1
6 9 -—16 3 2. —-16
1 1 -6 1 1 —=61[29000 X7 T4000
Al=l2 1 —-9|=X=|2 1 -=9(|30500 :[y]= 5000
-3 -2 16 -3 —2 16119500 zl (3000

x=% 4000,y =X 5000 and z=X 3000

(iii) Values: (a) adaptable to new techniques,(b) careful and alert in difficult situations
and (c) keeping calm in tense situations.

Example 43. In a Legislative assembly election, a political party hired a public relation firm to promote
its candidate in 3 ways; telephone, house calls and letters. The no. of contacts of each type in 3 cities A,
B, C are (500,1000 and 5000),(3000,1000 and 10000) and (2000,1500 and 4000) respectively. The party
paid 3700, X7200 and 4300 in cities A, B-and C resp. Find the costs per contact using matrix methods.
Keeping in mind the economic condition of the country, which way of promotion is better in your view?

Solution. Let cost of per contact through telephone, house calls and letters are respectively X x , X y and
500 1000 50007px 3700
X z. Now matrix equation can be written as [3000 1000 10000] M = [7200]
2000 1500 40001tz 4300

500 1000 5000

X 3700
Let A=|3000 ~-1000 10000}, X = [y] ,B=[7200|soAX=B=>X=A"1B
2000 1500 4000 Z 4300
500 1000 5000 05 1 5
In{3000 1000 10000]take 1000 = 1 unit and let the new matrix B=1| 3 1 10
2000 1500 4000 2 15 4
05 1 5
Bl=|3 1 1o=o.5|1 10|—1|3 10|+5|3 1|=—5.5+8+12.5=15¢0
2 15 4 1.5 4 2 4 2 1.5

So B! will exist.
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For Adjoint of B, cofactors are

A21 = _3.5,A22 = -8 A23 = 125, A31 = 5,A32 = 10, A33 = _25,

wim .11 -8 12.517 J[F11 -35 125
NowB‘1=ﬁ=E—3.5 -8 125 =—|-8 -8 1.5
5 10 -25 125 10 —25
—11000 —3500 12500
-1 _
SA=———| —8000 —8000 12500
12500 10000 —2500

15000000

—8000 —8000 125007200

[—11000 —3500 12500”3700]
12500 10000 —250011L4300

x L 6000000 x 0.4
= [y] = 15000000 15000000| = [y] =1
z 7500000 z 0.5

x=%0.4,y=X1 and z=X 0.5 ; Telephone is better as itis cheaper.

-4 4 4 1 -1 1
Example 44. Find( -7 1 3 |[1 —2  —2 |use this to solve the following system of

5 -3 -1/\2. 1 3
equations:
X-y+z=4
x-2y-2z=9 (DelhiC. 2010), (DelhiC 2012)
2x+y+3z=1

-4 4 4\/1 -1 1 8 0 0 1 0 0
Soluﬁon.<—7 1 3)(1 -2 —2>=<0 8 0>=8(0 1 0>=81
5 -3 =1/\2 1 3 0 0 8 0 0 1
1 -1 1\ -4 4 4
Hence(l -2 —2) = (—7 1 3)
&t 3 5 -3 -1

1 -1 1 x 4
Given system of equation in matrix formis givenby {1 -2 =2 (y) =19

2 1 3 z 1
x 1 -1 1\ l/4
Hence(y>= 1 -2 =2 9|=
z 2 1 3 1

|-

Q|-

-4 4 4 4 L -16+36+4 L 24
-7 1 3 9)=3 —28+9+3 =3 -16
5 -3 -1/\1 20—-27-1 -8

-23-



Matrices & Determinants www.mathss¥methods.in

X 3
= (y) = (—2>=>x= 3,y=-2,z=-1.
z -1

Important Problems for Practice

For 1 mark
1. Construct a matrix of order 2X2 if a;=(i —j)*. ( v 1])
) 1 0
1912
2. For a2 X2 matrix A=[a;], whose elements are given by a;;= (H;]) , write the value of a,;. (2)
3. Construct a matrix of order 2X2 whose elements are given by
fi—j ifiz=j (0 3
Aij_{i+j ifi<j (o)
4. Evaluate xandy if
3+x 2 \_(7 2
( 7 y+1>‘(7 0) “-D
5. If Ais a matrix of order 3X4 and B is a matrix of order 4X3, find the order of the matrix AB.
(DelhiC 2010) (3X3)
21 4 3.6
6. IfA= [ ] ,B= (4 1| writetheorder of AB'. (2X3)
41 5
0 9
. ey _[3 2 1 o -1 -1
7. FindXifY= 1 4] and 2X+Y—[_3 M ([_2 _1])
_[5.0 14 3 . . . 3 1
8. If3A-B= 1 1] and B = 2 5], then find the matrix A. (DelhiC 2012) ( 1 2])
(12 . ’ 2 5
9. If A_(3 4),fmd A+A". (AIC10) ( : 8])
2x+y 3y\y_(6 0 l '
10. If( N ) = (6 4) , then find x.(AIC10) (2)
3 4 1 y\_(7 0\ _ .
11. If2(5 x) + (0 1) = (10 5),fmd (x — y).(Delhi 2014) (8)
12. Solve the following matrix equation for x:

Ix 1][_12 8]:0 (Delhi 2014) (2)
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a+b 2\_(6 5 . .
13, If( : b) - (2 2),then find a.(DelhiC 2010) (4)
y 2y 1 4 _
14. If <2y Loy +y> (9 5), then write the value of x+y+z. (AIC 2013) (10)
x+y 1y _(7 1 . .
15. If( 2y 5) = (4 5),then Find x.(DelhiC 2010) (5)
xX=¥1.13 1 ) .
16. If [2x+y ; ]_ 8 7],then find the value of y. (DelhiC 2011) (2)
1 23/3 1\ _ (7 11 . .
17. If (3 4) (2 5) = (k 23),then write the value of k.(Delhi 2010)(17)
18. From the following matrix equation, find the value of x:
x+ 4 3
( —5y 3y> = ( c 6)(Fore|gn10) (1)
19. From the following matrix equation, find the value of x:
1 3\/x\_ (5 . _
(4 5) (2) = (6)(ForE|gn10) (-1
3 4\ (x\ _ (19 . .
20. If (2 x) (1) = (15), find the value of x.(Foreign10) (5)
. 2x 4.\ (13 4\ (13 3
21. Solve for x and vy, if (_2 yp x) = (_2 5) (?, —5)
2x +1
22. If N 1] [x +3 10] write the value of (x+y). (AIC 2012) (7)
x Y1 113 1 ' .
23. If [Zx +y ] _[8 7], then find the value of y. (DelhiC 2011) (2)
2k+3 4 5 5
24. For what value of k, the matrix| —4 0 -6 is skew- symmetric? (SP14) (— 5)
-5 6 —2k-3
0 3 5
25. For what value of a and b the matrix( b 0 7) is skew -symmetric? (SP14) (0,—3)
-5 -7 a
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26. Find x, if|§ g =|3xx g| ©)

sina cosf| 1

. 2T
cosa sing| = 2 where a, B are acute angles, then write the value of a+B. (SP14) (?)

27.If|
x+3] |11 5

2x . .
28. If|2(x+ 1 x+1|713 3 , then write the value of x.(DelhiC 2013) (1)

-2

29. |f|28x ;5¢|=|? 3

, then write the value of x.(Delhi 2014) (+6)

30. What positive value of x makes the following pair of determinant equal?

2x 3| 116 3
s Shs oleiz0m0 @4
0 2 0
31. What is the value of the determinant{2 3 4|? (Delhi 2010) (8)
4 5 6
4 a b+c
32. What is the value of the determinant|4 b ¢ + a|? (Foreign10) (0)
4 ¢ a+b
. an(3—=2x x+1y. . .
33. For what value of x, the given matrix A= ( ) 4 ) is a singular matrix?.(AIC 2013)

D
L [l4+x 7. . . 13
2 i
34. For what value of x, the matrix [3 / 8] is a singular matrix? (AIC 2012) (15)

35. For what value of x is the matrix [xz-fZ g] singular? (DelhiC 2011) (4)

6—x 4) is a singular matrix?. (DelhiC 2011)

36. For what value of x, the given matrix A= (3 -x 1

(3)

2x+4 4

37. For what value of x, the given matrix A= ( x+5 3

) is a singular matrix?. (AIC2011) (4)

38. For what value of x is the matrix

[Z(x;- 1) sz] singular? (AIC 2011) (-2)

39. For what value of k, the matrix [IZC é] has no inverse ? (g)
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40.

41.

42.

43.

44,
45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.
58.

cosa —sina

HA=(.
sina cosa

) , then for what value of a is A is an identity matrix? (Delhi 2010) (0°)

2 -3 5
Minor of element of 2™ row and 3™ column (ay) in (6 0 4 )(Delhi 2010) (13)
1 5 -7

Write a square matrix of order 2, which is both symmetric and skew symmetric. (Foreign10)

()

If A =[i ;1'], then find the value of 3|A|. (AIC 2011) (6)

If matrix A = [(2) 8] , find A", ( 8 8])

If |A®|=125, evaluate |A’|-4|A|+7 where A is a square matrix of order 3X3. (12)

2 3 3
IfA=|0 2 0] then evaluate |A.(adjA)]. (-8)
5 5 7
The value of the determinant of a matrix A of order 3X3 is 4. Find the value of |5A]|. (DelhiC

2012) (500)
If Ais a matrix of order 3X3 is such that |A|=4. Find the value of |2A]. (DelhiC 2011) (32)

If A is a square matrix of order 3 and |3A|=K|A], then write the value of K. (Delhi 2010) (27)

Find order of matrix such that |2A| =8 |A]. (3X3)

Write the adjoint of the matrix (i _31)(AI 2010) ([_34 ;])

IfA==(§ ;;),thenfindladyAliDeHﬂC 2010) (~11)

Find A.(adj A) whenA=( ’ 4) ([134 124])

-3 0
‘.; g),thenwhatisA.(ade)? (SP14) ([434 434])

If |A| =12, where A is a 3X3 matrix, find |A.adj A|. (1728)

A=

A is a square matrix of order 3 and |A| = 7. Write the value of |adj A|. (49)

If |A| =2, where A is a 2X2 matrix, find |adj A|. (AIC10) (2)
If A is a square matrix of order 3 such that |adj A|= 64, find |A|. (DelhiC 2013) (+8)
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59. A is a square matrix of order 3 and |A| =7. Write the value of |adj A|. (Al 2010) (49)
60. If Ais an invertible matrix of order 3 and |A|= 5 find the value of |adj A|. (AIC 2011) (25)

For 4 marks

1. Find the equation of the line joining A(1,3) and B(0,0) using determinants and find the value of k

if D(k,0) is a point such that area of triangle ABD is 3 square units.
Bx—y=0k=2)
2. For the following matrices A and B, verify that (AB)’'=B’A’

1
A= (—4), B=(-1 2 1) (Al 2010)
3

(AIC 2013) (NCERT)

3. Express the following matrix as the sum of a symmetric matrix and skew symmetric matrix and

[3- 2 -0 =& -3
3 -2 —4 /11 SRS I PO
verifyyourresult:(B -2 —5) | 3 -2 —2,5 o -=-3|]|
-tz —2 -2 3 0/
2 2
2 0 -3
4. Expressthe matrixA=| 4 3 1 |assum of symmetric and skew symmetric matrix.
-5 7 -2

2 2 —-4]T10 -2 1
2 3 41,2 0 3
-4 4 2 =13 0

2 0 1 1 -1 -1
5. IfA=(2 1 3>,thenfindthevalueofA2—3A+2I. (AIZOIO)( 3 -3 —4)

1 -1-0

6. IfA= [_31 ;] . Show that A% -5A +7 1 =0 and hence find A™.

ENE RSN BN

7. Find the inverse 01‘A:(_34 1 )

-3 2 -4

-1 using elementary transformations.(Foreign10) ([_1 _1])

-4 -3

8. Find the inverse of the following matrix, using elementary transformation :

A=(§ E)(Foreignlo) ([_57 _32])
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9. Find the inverse of the following matrix, using elementary transformation:
(6 5 . -4 5
A—(5 4)(Fore|gn10) ([ 5 —6])

10. IfA= [Z _13] find A™ by using elementary transformation. ? .

11. Using properties of determinants, prove the following :

1 a ad
1 b b3|=(a-b)(b-c)(c-a)(a+b+c) (DelhiC 2013)
1 ¢ ¢2

12. Using properties of determinants, prove the following :

1 1 1
a b c| =(a-b)(b-c)(c-a)(atb+c) (DelhiC 2011)
a® b 3

13. Using properties of determinants, prove the following :

X y z
x* y?  z%| =xyz(x-y) (y-z) (z-x) (DelhiC 2010)
X3 y3 73

14. Using properties of determinants, prove the following:
a B Y
a? B2 v? [=(o-B)(B-y)(v-a)(a+B+y).  (DelhiC 2010), (DelhiC 2012)
f+y a+y a+p

15. Using properties of determinants, prove the following :

(b + c)? a’ a?
b? (c +a)? b? =2abc(a+b+c)®> (AIC10)
2

c c? (a + b)?

16. Prove the following, using properties of determinants:

a+ b+ 2c a b
c b+c+ 2a b = 2(a+b+c)? (Foreign10), (DelhiC 2012), (Delhi 2014)
c a c+a+2b

17. Prove the following, using properties of determinants:

a+b+2c b a
b b+ c+ 2a c =6(a+b+c)(ab+ bc + ca)
a c c+a+2b

18. Prove the following, using properties of determinants:
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2y y—2zZ—X 2y
2z 2z z—x—Y|=(x+y+2z)3 (Delhi 2014)
X—y—2z 2x 2x

19. Prove the following, using properties of determinants:

b+c c+a a+b
c+a a+b b+c
a+b b+c c+a
20. Using properties of determinants, prove the following :
b+c a—-b a
c+a b—c b
a+b c—a c

=2(3abc-a*-b*-c®) (Foreign10)

= 3abc- a* b’- & (AIC 2012)

21. Using properties of determinants, prove the following :
b+c a—b a
c+a b—c b
a+b c—a c
22. Using properties of determinants prove the following:

= 3abc- a*- b*- ¢ (AIC 2012)

a’? a’>—-(b-c)* bc
b? b%—(c—a)? cal=(a-b)(b-c)(c-a)(a+b+c)(a’+b’+c’). (AIC 2012)
¢ c2—(a—b)? ab

23. Using properties of determinants prove the following:

a b—c c+b
a+c b c—a
a—b b+a c

=(a+b+c)(a*+b’+c?). (AIC 2012)

24. Using properties of determinants prove the following:

a b c
a? b%? 2| =(a-b)(b-c)(c-a)(ab+bc+ca). (DelhiC 2011)
bc ca ab

25. Using properties of determinants, prove the following :

—a? ab ac
ba —b%> bc | =4a’w’c® (AIC2011,Delhi 2011)
ac  bc —c?

26. Using properties of determinants prove the following:

a’?+1 ab ac
ab b2+1  bc |=1+a’+b’+c® (AIC 2011), (Foreign 13)
ca ch c2+1

a’+2a 2a+1 1
2a+1  a+2 1| ((e—1)3)
3 3 1

27. Using properties of determinant, evaluate

28. Using properties of determinant prove that
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a? bc ac + c?
a? +ab b? ac |=4a’b*c?
ab b? + bc c?

29. Using properties of determinant prove that

—bc b%2+bc c%+bc
a® +ac —ac ¢ +ac
a’?+ab b*+ba —ab

= (ab + bc+ ac)?

30. Using properties of determinant prove that

x2+1  xy Xz
yx  y2+1 yz | =1+4+x?+ y?+ z2 (Delhi2014)
zx zy  z2+1

31. Show that x = 2 is a root of the equation formed by the following
X -6 -1
2 -3x x-3

-3 2x x+2

= 0, and hence solve the equation.

x x2 1428
32. If x,yandzare unequaland |y y? 1+ y®|=0, prove that 1+xyz=0.
z z2 1+2°

For 6 marks

1. Using properties of determinants. Show the following:

(b + ¢)? ab ca
ab (a+c)? bc | =2abc(a+b+c)? (Delhi 2010)
ac bc (a + b)?

2. Using properties of determinants, prove the following:

x x? 1+pxd
y ¥* 1+4py?*| =1 +pxyz)(x - y)(y — 2)(z — x)(Al 2010)
z z? 1+pz3

3. Ifa,b,c are positive and unequal, show that the following determinants is negative:
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a b c
b ¢ al(A12010)
c a b

4. Find the inverse of the following matrix using elementary operations:

12 1] [At=|-2 3 -7
2 31
ERRIY

5. Using matrices solve the following system of equations:
x+2y-3z=-4

L -6 17 13
2x+3y+2z=2 (— 14 5 -8 X =3,y=—-2,z= 1)

67
-15 9 -1

SEHICS |

3x-3y-4z=11(Al 2010)

6. Using matrices, solve the following system of equations:
3x-2y+3z=-1; 2x+y-z=6; 4x-3y+2z=5 (Foreign10)

L -1 -5 -1
A"l = —|-8 -6 9|x=2y=-=1z=-3
-10 1 7

7. Solve using matrix method, 3x+4y+7z = 14, 2x-y+3z=4, x+2y-3z=0. (x =1, y=1,z=1)

8. Solve using matrix method x-y+2z=1, 2y-3z=1, 3x-2y+4z=2. (x =0,y =5,z =3)

9. Using matrices solve the following system of equations:

11,1,

X y z

2.1 3 1 4 z 2 1

T, ® S _ -1_1(_ v =1 0 _

x+y Z—O (A —10< 5 0 5 X =0,y = 1,z=1
1 -2 3

1+1+1=2 x20,y+0,z+0.

X y z

10. Two schools A and B want to award their selected teachers on the values of honesty,
hard work and regularity. The school A wants to award X x, Xy and Xz each for the 3
respective values to 3,2 and 1 teachers with a total award money of X 1.28 lakhs. school B
wants to spend X 1.54 lakhs to award its 4,1 and 3 teachers on the respective vales(by giving
the same award money for the 3 values as before). If the total amount of award for one prize
on each value is X 57000, using matrix method find the award money for each value.(SP14)

-32-



Matrices & Determinants www.mathss¥methods.in

-2 -1 5
(A== (—1 2 —5) Award money for honesty X 25000, Award money for hard work X 21000 and

3 -1 -5

Award money for regularity X 11000)

11.

12.

Two schools P and Q want to award their selected students on the values of Discipline,
Politeness and Punctuality. The school P wants to award X x, Xy and X z each for the 3
respective values to its 3,2 and 1 students with a total award money of X 1000. School Q
wants to spend X 1,500 to award its 4, 1 and 3 students on the respective vales (by giving the
same award money for the 3 values as before). If the total amount of award for one prize on
each value is X 600,using matrix method find the award money for each value.

Apart from the above three values suggest one more value for awards. (Delhi 2014)

-2 -1 5

(At=— (—1 2 —5) Award money for Discipline X 100, Award money for politeness
3 -1 -5

% 200 and Award money for punctuality 300 )

Two schools P and Q want to award their selected students on the values of Tolerance, Kindness
and Leadership. The school P wants to award X x, Xy and X z each for the 3 respective values to
its 3,2 and 1 students with a total award money of X.2,200. School Q wants to spend X 3,100 to
award its 4, 1 and 3 students on the respective values (by giving the same award money for the
3 values as school P). If the total amount of award for one prize on each value is X 1,200,using
matrix method find the award money for each value.

Apart from the above three values suggest one more value for awards. (Foreign14)

-2 -1 5
A7 = —is [—1 2 —5] ;x =3300,y =400,y = X500; one more value like honesty,
3 -1 -5

punctuality etc may be awarded.)

13.

14.

Two institutions decided to award their employees for 3 values of resourcefulness, competence
and determination in form of prizes at the rate of X x, Xy and X z respectively per person. The
first institution decided to award respectively 4,3 and 2 employees with a total prize money of X
37,000 and the 2™ institution decided to award respectively 5,3 and 4 employees with a total
prize money of X 47,000. If all the 3 prizes per person together amount to X 12,000, then using
matrix method find the value of x, y and z. What values are described in this question?

(DelhiC' 2013)

-1 -1 6
(4x+3y+22=37000,5x+3y+42=47000,x+y+2z=12000, A™ = _?1 (—1 2 —6) Award money for
2 -1 -3

Resourcefulness= X 4000, Award money for Competence =X 5000 and Award money for
Determination= X 3000 Values: Resourcefulness, Competence, Determination)

Three shopkeepers A, B, C are using polythene, handmade bags and n/p envelop as
carry bags. It is found that the shopkeepers A,B,C are using (20,30,40),(30,40,20),(40,20,300
polythene , handmade bags and n/p envelops respectively. The shopkeepers A, B, C spent
X250, X220 and X200 on these carry bags respectively. Find the cost of each carry bags using
matrices. Keeping in mind the social and environment conditions, which shopkeeper is better?
And why?

(x =31,y = 5,z = X2; Ais better for environment and B for social conditions.)
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15.

There are 3 families. First family consists of 2 male members, 4 female members and 3 children.
Second family consists of 3 male members, 3 female members and 2 children. Third family
consists of male members,2 female members and 5 children. Male members earn X500 per day
and spend X 300 per day. Female members earns X 400 per day and spend X 250 per day child
members spends X 40 per day. Find the money each family saves per day using matrices? What
is the necessity of saving in the family?

(x = %880,y = 3970,z = X500; In case of emegency savings help us.)

16. For keeping fit X people believes in morning walk, Y people believes in Yoga and Z people join

17.

18.

19;

Gym. Total no. of people is 70. Further 20%, 30% and 40% people are suffering from any
disease who believes in morning walk yoga and Gym resp. Total no. of such people is 21. If
morning walk cost X 0 Yoga cost X 500/month and Gym cost X 400/month and total
expenditure is X 23000.

(i) Formulate a matrix problem. (x + y + z = 70,2x 4+ 3y + 4z = 210,5y + 4z = 230)
(ii) Calculate the no. of each type of people. (x = 320,y = 30,z = 320;)

Why exercise is important for health? (Exercise keeps fit and healthy to a person)

1 -1 0 2 2 —4
fA=|2 3 4 andB=<—4 2 =4 |, find AB use this to solve

0 1 2 2 -1 5
the following system of equations

X-y=3
2x+3Y+4z=17 (6l, x = 2,y = -1,z = 4)
Y+22=7 (AIC10), (AIC 2012)

1 -2 0 7 2 -6
If A= (2 1 3> and B = (—2 1 —3) find AB hence solve the following system of
0 =2 1 -4 2 5
equations:
x-2y=10 (AB=11l,x=4,y=-3,z=1)
2x+y+3z=8 (DelhiC 2011)
-2y+z=7

2 -1 1 3 1 -1
If A= (—1 2 —1) and BT = ( 1 3 1 ) find AB hence solve the following system of
1 -1 2 -1 1 3
equations:
2x-y+z=-1
-x+2y-z=4 (AB=4l,x=1y=2,z=-1)
X-y+2z=-3
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3 2 1
20.1fA =<4 -1 2 ),then find A™1. Hence solve the following system of equations :

7 3 -3
3x+2y+z=6
L -3 9 5
4x-y+2z=5 (A‘l = 5[26 -16 -2 ], x=1lLy=1z=1 )
19 5 -11

7x+3y-3z=7 (DelhiC 2010)

1 2 1
21 I1fA :(—1 1 1) ,then find A~1. Hence solve the following system of equations :

1 -3 1
X+2y+z=4
4 -5 1
-x+y+2=0 (A‘1 = % [2 0 —2] x=2,y=0,z= 2)
2 5 3

x-3y+z=4 (DelhiC 2012)

3 2 1
22.1fA =<4 -1 2 ),then find A~1. Hence solve the following system of equations :

7 3 =3
3x+4y+72=0
-3 9 5
2x-y+3z=-2 (A‘l = 5[26 —-16 =2 ], x=1lLy=1z= —1)
19 5 -11
x+2y-3z2=6
8 —4 1
23.I1fA :<10 0 6), find A™. Hence solve the following system of equations:
8 1 6
8x+4y+z=5
-6 25 =24 L
10x+6z=4 (A'1 = %[—12 40 —38],x =1,y= Z= —1)
. 10 —40 40
8x+y+6z= 3 (AIC10)
2 -3 5
24.1f A=(3 2 —4), find A™. Hence solve the following system of equations:
1 1 -2
2x-3y+5z=16
0o -1 2
3x+2y-4z=-4 (A‘l = _11[2 -9 23] x=2y=1z= 3)
1 -5 13
x+y-2z=-3 (Foreign10), (AIC 2012)
2 1 3
250fA=11 3 —1], find A™. Using A", solve the following system of equations:
-2 1 1

2x+y+3z=9; x+3y—z=2; -2x+y +z=7. (Foreign10)

L[4 2 -10
Al==11 8 5 |x=-1ly=2z=3

7 =4 5
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1 2 -3
26.1f A= [2 3 2 ] , find A™. Hence solve the system of equations:
3 -3 —4

X+2y-3z=-4,2x+3y+2z=2,3x-3y—4z=11. (DelhiC 2012)

[-6 17 13
Al==l14 5 -8|l,x=3y=-2z=1

“l-15 o —1

1 2 5
27.fA=|1 -1 —1] , find A™. Hence solve the system of equations:
2 3 -1

X+2y+52=10,x-y-z=-2,2x +3y—z =-11. (AIC 2012)

[+ 17 3
Al==|-1 -11 6 |x=-1y=-2,z=3

s 1 =3

3 —4 2
28.1fA :<2 3 5) ,then find A~1. Hence solve the following system of equations :

1 0 1
3x-4y+2z=-1
3 4 =26
2x+3y+5z=7 (DelhiC 2011) (A‘1 = %9( 3 1 —11) x=3,y =2andz= -1 )
-3 -4 17
xX+z=2

1 -2 1
29.1f Az(O -1 1 ), find A™1. Hence solve the following system of equations :

2 0 -3
X-2y+z=0
3 -6 -1
-y+z=-2 (AIC 2011) (A‘l = %(2 -5 —1> x =2,y = 0andz= -2 )
2 -4 -1
2x-3z2 = 10.

2. -1 1
30.1f A=(3 0 —1) ,then find A~1. Hence solve the following system of equations :

2 6 0
2x-y+z = -3
3yog = A_1_1661_1_1_3
x-z=0 (AIC 2011) —5—2 -2 5 X==—2,y=5,2=—7
18 -—-14 3
2x+6y-2=0

1 -1 2
31Lf Az(O 2 —3) ,then find A~1. Hence solve the following system of equations :
3 -2 4
X-y+2z =-7
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